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The effects of complex boundary conditions on flows are represented by a volume force in
the immersed boundary methods. The problem with this representation is that the volume
force exhibits non-physical oscillations in moving boundary simulations. A smoothing
technique for discrete delta functions has been developed in this paper to suppress the
non-physical oscillations in the volume forces. We have found that the non-physical oscil-
lations are mainly due to the fact that the derivatives of the regular discrete delta functions
do not satisfy certain moment conditions. It has been shown that the smoothed discrete
delta functions constructed in this paper have one-order higher derivative than the regular
ones. Moreover, not only the smoothed discrete delta functions satisfy the first two dis-
crete moment conditions, but also their derivatives satisfy one-order higher moment con-
dition than the regular ones. The smoothed discrete delta functions are tested by three test
cases: a one-dimensional heat equation with a moving singular force, a two-dimensional
flow past an oscillating cylinder, and the vortex-induced vibration of a cylinder. The
numerical examples in these cases demonstrate that the smoothed discrete delta functions
can effectively suppress the non-physical oscillations in the volume forces and improve the
accuracy of the immersed boundary method with direct forcing in moving boundary
simulations.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction
Flows with moving boundaries and complex geometries are frequently encountered in engineering applications. Mesh
generation and re-meshing process are the bottlenecks in computer simulations when conventional body-fitted methods
are used to treat such problems. To reduce the complexity and the computational cost of the grid generation process, many
non-body-conforming methods have been developed. Among these developments, the Immersed Boundary (IB) method re-
ceives much attention in recent years.

The IB method was first introduced by Peskin [1] in 1972 to simulate cardiac mechanics and associated blood flows. In the
original IB method proposed by Peskin [1], the elastic boundary was mimicked by a set of Lagrangian points linked by
springs, the force at the Lagrangian point was determined by some constitutive laws (e.g. Hooke’s law), the Lagrangian vari-
ables and the Eulerian variables (such as force and the velocity) are related through a discrete delta function. A summary of
the mathematical formulation and the applications of the IB method are given by Peskin [2]. The most recent review can be
found in [3] by Mittal and Iaccarino.
. All rights reserved.
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The IB method was later extended to simulate problems with rigid boundaries by making the spring very stiff or by apply-
ing the concept of feedback control (e.g. [4,5]). Stringent restriction on the CFL number and the introduction of ad hoc param-
eters are the major drawbacks of these types of IB method. The direct forcing method was then proposed to overcome these
drawbacks. In this type of IB method, the constitutive law was abandoned and the volume force is determined by a direct
imposition of the velocity boundary condition. The direct forcing method was first implemented within the spectral frame-
work by Mohd-Yusof [6]. Fadlun et al. [7] extended this approach to the formulation in the context of a finite difference
method.

Almost all IB methods dealing with the elastic boundaries (or using a stiff spring to mimic the rigid boundaries) use a
discrete delta function to spread the force to the Eulerian points. Here we only focus on the direct forcing IB methods for
rigid boundaries. Among the IB methods of this category, some eliminate the use of the discrete delta function all together
while others still use the discrete delta function to evaluate and distribute the force. The former variants of IB method usually
resort to a local reconstruction of the velocity field, such as Fadlun et al. [7], Kim et al. [8], Tseng and Ferziger [9], Balaras [10],
Yang and Balaras [11], etc., although the exact positions of forcing are slightly different among these works. In the later vari-
ants of IB method, the force is first evaluated at the Lagrangian points and then spread to its surrounding Eulerian grid points
using a discrete delta function (Uhlmann [12], Su et al. [13] and Taira and Colonius [14]). There exist some slight differences
among these three papers. In [12], the force at the boundary is determined explicitly while in [13,14] the force is computed
implicitly by solving a linear system.

IB methods have been successfully applied to simulate stationary boundary problems, but non-physical force oscillations
are produced by some variants of IB methods when dealing with moving boundaries. Uhlmann [15] tested various IB meth-
ods in simulating particulate flows. Yang and Balaras [11] used a ‘‘field-extension” approach to simulate flows with moving
boundaries. Kim and Choi [16] developed an IB method in a non-inertial frame which can be used to simulate flows around
an arbitrarily moving body. For the IB methods with discrete delta functions, Uhlmann [12] found that the oscillations can be
controlled by a careful choice of the discrete delta function. However, the reasons behind the generation and the control of
such oscillations have not been revealed.

In the present work, we develop an approach to suppress force oscillations in moving body simulations in the context of
Uhlmann’s IB method [12]. The central idea of the improvement is to apply a smoothing technique to the discrete delta func-
tions. This technique can effectively reduce non-physical oscillations and lead to a significant improvement in the force pre-
diction. The organization of the paper is as follows. The proposed smoothing technique for discrete delta functions is
described in Section 2: the IB method with direct forcing for the Navier–Stokes equations is introduced in Section 2.1;
the formulation of the smoothed discrete delta functions is presented in Section 2.2; the reason for the spurious force oscil-
lations is provided in Section 2.3. Numerical results on the one-dimensional heat equation with a moving singular force, the
two-dimensional flows past an oscillating cylinder and the vortex-induced vibration of a cylinder are presented in Section 3.
Finally, the conclusions are drawn in Section 4.
2. The smoothing technique for discrete delta function

A discrete delta function is used as a kernel to transfer quantities between Lagrangian and Eulerian locations in the ori-
ginal and some variants of the IB method. The discrete delta function essentially determines the accuracy of the IB method.
The commonly used discrete delta functions often introduce non-physical oscillations to the volume force in moving bound-
ary simulations. In this section, we will develop a smoothing technique to construct new discrete delta functions from the
regular ones. These smoothed discrete delta functions can significantly reduce the non-physical oscillations. In the first part
of this section, we summarize the IB method used in the present work with an emphasis on how to calculate the volume
forces. The smoothing technique is then presented and finally the reasons for the non-physical force oscillations in moving
boundary simulation are analyzed.

2.1. The immersed boundary method with direct forcing

The incompressible Navier–Stokes equations with a volume force are
@u
@t
þr � ðuuÞ ¼ �rpþ 1

Re
r2uþ f; ð1Þ

r � u ¼ 0; ð2Þ
where u is the velocity vector, p the pressure and Re the Reynolds number. Here f denotes the volume force whose form will
be given later. In the present IB method, the governing equations are solved on a fixed Cartesian grid; the geometry of the
immersed surface is represented by a series of equally distributed Lagrangian markers with the arc-length comparable with
the width of the surrounding Cartesian mesh (Eulerian points).

The momentum equation can be discretized in time in the following form
uðx; tnþ1Þ � uðx; tnÞ
Mt

¼ rhsðx; tnþ1=2Þ þ fðx; tnþ1=2Þ; ð3Þ
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where rhsðx; tnþ1=2Þ represents the sum of the convection term, the viscous term and the pressure gradient at some interme-
diate time between tn and tnþ1. The numerical procedure in the present IB method with direct forcing is similar to that in [12]
and is summarized as follows:

1. Compute explicitly an estimated velocity ~u without volume forces;
~uðx; tnþ1=2Þ ¼ uðx; tnÞ þ Mt rhsðx; tnþ1=2Þ: ð4Þ
2. Calculate the volume forces on the Lagrangian locations using the direct forcing method and spread them to the sur-
rounding Eulerian locations through the discrete delta function;

3. Solve the Navier–Stokes equations on the Cartesian grid with the volume forces.

The second step is crucial to the present IB method with direct forcing. When enforcing the boundary condition, a volume
force should be generated such that the desired velocities on the boundary are achieved. Therefore, the volume force can be
expressed by
fðx; tnþ1=2Þ ¼ vðx; tnþ1Þ � uðx; tnÞ
Mt

� rhsðx; tnþ1=2Þ; ð5Þ
where v is the desired velocity at the boundary. For the Cartesian grid point which coincides with a Lagrangian marker, the
volume force can be calculated directly using Eq. (5). However, on a moving or complex boundary, the Cartesian grid points
do not necessarily coincide with any Lagrangian markers. In this case, the volume force needs to be evaluated through an
interpolation at the Lagrangian markers using a discrete delta function,
fðx; tnþ1=2Þ ¼
XNl

l¼1

FðXnþ1
l ; tnþ1=2Þdhðx� Xnþ1

l ÞMVl: ð6Þ
Here F is the force at the Lagrangian marker; Nl the total number of markers and MVl the volume assigned to the lth Lagrang-
ian marker (in three-dimensional case, MVl � h3 where h is the size of the Eulerian grid [12]). Hereafter, we will use the low-
er-case letters for the quantities evaluated at the Eulerian locations and the upper-case letters for the ones at the Lagrangian
locations. The transfer of the volume forces from the Lagrangian markers to the Cartesian grid points is usually referred to as
‘‘force spreading”.

The three-dimensional discrete delta function used in IB method is usually constructed in the following form [2]:
dhðx� XÞ ¼ 1

h3 /
x� X

h

� �
/

y� Y
h

� �
/

z� Z
h

� �
ð7Þ
where /ðx�X
h Þ=h is a one-dimensional discrete delta function, x; y and z are the Eulerian components of x and X; Y and Z the

Lagrangian components of X, respectively. It is noted that the two- or three-dimensional discrete delta functions can also be
constructed by other means. For example, if the level set representation rather than the Lagrangian markers is used to track
the boundary, discrete delta function can be constructed using the level set function [17–19].

Uhlmann [12] proposed to calculate the volume force at the Lagrangian marker as follows
FðXnþ1; tnþ1=2Þ ¼ VðXnþ1; tnþ1Þ � UðXnþ1; tnÞ
Mt

� RHSðXnþ1; tnþ1=2Þ: ð8Þ
Here V and U are the desired and estimated velocities at the Lagrangian markers, respectively. By regrouping the right-hand-
side of Eq. (8), it can be expressed in the form of Eq. (9)
FðXnþ1; tnþ1=2Þ ¼ VðXnþ1; tnþ1Þ � eUðXnþ1; tnþ1=2Þ
Mt

; ð9Þ
where
eUðXnþ1; tnþ1=2Þ ¼ UðXnþ1; tnÞ þ MtRHSðXnþ1; tnþ1=2Þ: ð10Þ
By definition, eU is evaluated through an interpolation from its Eulerian counterpart ~u,
eUðXnþ1; tnþ1=2Þ ¼
X
x2gh

~uðx; tnþ1=2Þdhðx� Xnþ1Þh3
: ð11Þ
Here gh denotes the collection of Cartesian grid points.

2.2. A smoothed discrete delta function

In this section, we will construct a new discrete delta function using a smoothing technique. A one-dimensional function
/ is taken as an example. The extension to two or three-dimensional discrete delta functions is straightforward since a two-
or three-dimensional discrete delta function is the product of two or three of the one-dimensional ones.
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For the one-dimensional function /ðxÞ, we can define a new function /� as
/�
xj � X

h

� �
¼ 1

h

Z xjþ0:5h

xj�0:5h
/

x0 � X
h

� �
dx0: ð12Þ
The new function /� has one higher derivative than the original one /. With this in mind, we refer to the new discrete delta
function as the smoothed discrete delta function. Introducing the transformations r ¼ ðxj � XÞh�1 and r0 ¼ ðx0 � XÞh�1, the
new function /� can be simply reformulated as
/�ðrÞ ¼
Z rþ0:5

r�0:5
/ðr0Þdr0: ð13Þ
A variety of the smoothed discrete delta functions can be constructed accordingly from the regular ones. In practice, the most
commonly used discrete delta functions are the 2-point hat function [20], the 4-point cosine function [2], the 3-point dis-
crete delta function [21], and the 4-point piecewise function [2]. The one-dimensional versions for those discrete delta func-
tions are listed below for reference.

� A 2-point hat function /1
/1ðrÞ ¼
1� jrj; jrj � 1;
0; 1 � jrj:

�
ð14Þ
� A 4-point cosine function /2
/2ðrÞ ¼
1
4 1þ cosðpr

2 Þ
� �

; jrj � 2;
0; 2 � jrj:

(
ð15Þ
� A 3-point function /3
/3ðrÞ ¼

1
3 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3r2 þ 1
p� �

; jrj � 0:5;

1
6 5� 3jrj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�3ð1� jrjÞ2 þ 1

q� �
; 0:5 � jrj � 1:5;

0; 1:5 � jrj:

8>>><>>>: ð16Þ
� A 4-point piecewise function /4
/4ðrÞ ¼

1
8 3� 2jrj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4jrj � 4r2

p� 	
; jrj � 1;

1
8 5� 2jrj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�7þ 12jrj � 4r2

p� 	
; 1 � jrj � 2;

0; 2 � jrj:

8>>><>>>: ð17Þ
In terms of the definition (13), we can formulate the smoothed functions /�1;/
�
2;/

�
3 and /�4 corresponding to /1;/2;/3 and /4,

respectively.

� A smoothed 2-point function /�1
/�1ðrÞ ¼
3=4� r2; jrj � 0:5;
9=8� 3jrj=2þ r2=2 ;0:5 � jrj � 1:5;
0; 1:5 � jrj:

8><>: ð18Þ
� A smoothed 4-point cosine function /�2
/�2ðrÞ ¼

1
4p pþ 2 sin p

4 ð2r þ 1Þ
� �

� 2 sin p
4 ð2r � 1Þ
� �� �

; jrj � 1:5;
� 1

8p �5pþ 2pjrj þ 4 sin p
4 ð2jrj � 1Þ
� �� �

; 1:5 � jrj � 2:5;
0; 2:5 � jrj:

8><>: ð19Þ
� A smoothed 3-point function /�3
/�3ðrÞ ¼

17
48þ

ffiffi
3
p

p
108 þ

jrj
4 � r2

4 þ
1�2jrj

16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�12r2 þ 12jrj þ 1

p
�
ffiffi
3
p

12 arcsin
ffiffi
3
p

2 ð2jrj � 1Þ
� 	

; jrj � 1;

55
48�

ffiffi
3
p

p
108 �

13jrj
12 þ r2

4 þ
2jrj�3

48

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�12r2 þ 36jrj � 23

p
þ
ffiffi
3
p

36 arcsin
ffiffi
3
p

2 ð2jrj � 3Þ
� 	

; 1 � jrj � 2;

0; 2 � jrj:

8>>>>>>>>><>>>>>>>>>:
ð20Þ
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� A smoothed 4-point piecewise function /�4
/�4ðrÞ ¼

3
8þ p

32� r2

4 ; jrj � 0:5;
1
4þ

1�jrj
8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2þ 8jrj � 4r2

p
� 1

8 arcsin
ffiffiffi
2
p
ðjrj � 1Þ

� 	
; 0:5 � jrj � 1:5;

17
16� p

64�
3jrj
4 þ r2

8 þ
jrj�2

16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�14þ 16jrj � 4r2

p
þ 1

16 arcsin
ffiffiffi
2
p
ðjrj � 2Þ

� 	
; 1:5 � jrj � 2:5;

0; 2:5 � jrj:

8>>>>>>>>><>>>>>>>>>:
ð21Þ
Besides the discrete delta functions mentioned above, the 4-point hat function which is in the form of
/5ðrÞ ¼
0:5� 0:25jrj; jrj � 2;
0; 2 � jrj

�
ð22Þ
is also considered to test the smoothing effect of a discrete delta function with a wider support (this test will be discussed in
Section 3.2.2).

Fig. 1 compares the smoothed discrete delta functions /�i ði ¼ 1;2;3;4Þwith the regular ones. It is easy to see that the new
functions /�i tend to have wider supports than the regular ones /i. However, the wider supports are not sufficient to reduce
the non-physical oscillations effectively. The relevant properties are the moment conditions, which are given below for the
regular and smoothed discrete delta functions. These properties will be used to analyze the force oscillations in moving
boundary simulations in the next section.

1. The smoothed discrete delta functions have one higher derivative than the regular ones. In Table 1, we compare the con-
tinuity properties of the regular discrete delta functions with those of the smoothed ones. Here Cn denotes the set of func-
tion composed of the functions that have up to nth-order derivatives.

2. All the smoothed discrete delta functions and regular discrete delta functions satisfy the zeroth and first discrete moment
conditions except for the regular 4-point cosine function /2 which only satisfies the zeroth discrete moment condition.
r
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Fig. 1. Comparison of regular functions /i ði ¼ 1;2;3;4Þ and their corresponding smoothed functions /�i ði ¼ 1;2;3;4Þ.



Table 1
The continuity of regular discrete delta functions /i ði ¼ 1;2; 3; 4;5Þ and the smoothed ones /�i ði ¼ 1;2;3;4Þ.

/1 /�1 /2 /�2 /3 /�3 /4 /�4 /5

C0 C1 C1 C2 C1 C2 C1 C2 C0

Table 2
The moment conditions for /i ði ¼ 1; 2; 3;4;5) and /�i ði ¼ 1;2;3;4Þ.

/1 /�1 /2 /�2 /3 /�3 /4 /�4 /5

1 1 0 1 1 1 1 1 1
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Therefore, /2 gives a first-order approximation and the others give second-order approximations (please see [2] for
detailed explanations). In Table 2, we list the discrete moment conditions for the regular discrete delta functions and
the smoothed ones. Here the number n indicates that a discrete delta function satisfies up to nth order moment condi-
tions. The proofs for the moment conditions are given below. We first check the zeroth discrete moment condition
X

j

/�i ðr � jÞ ¼
X

j

Z r�jþ1=2

r�j�1=2
/iðr0Þdr0 ¼

Z rþ1=2

r�1=2

X
j

/iðr0 � jÞdr0 ¼ 1; ð23Þ

which holds for i ¼ 1;2;3;4. It is noted that each function /i ði ¼ 1;2;3;4Þ also satisfies the first-order continuous mo-
ment conditionZ þ1

�1
r0/i r0ð Þdr0 ¼

X
j

Z r�jþ1=2

r�j�1=2
r0/iðr0Þdr0 ¼ 0: ð24Þ

Using the first-order continuous moment condition (24) and the zeroth discrete moment condition for the regular delta
functions /i ði ¼ 1;2;3;4Þ, we can verify that the first discrete moment condition holds for the smoothed discrete delta
functions.X

j

ðr � jÞ/�i ðr � jÞ ¼
X

j

ðr � jÞ
Z r�jþ1=2

r�j�1=2
/iðr0Þdr0 ¼

X
j

Z r�jþ1=2

r�j�1=2
ð�r0 þ r � jÞ/iðr0Þdr0

¼ �
Z 1=2

�1=2
r00
X

j

/iðr00 þ r � jÞdr00 ¼ 0: ð25Þ

3. It can be shown that the derivatives of the smoothed discrete delta functions /�1; /�3 and /�4 satisfy the zeroth, the first and
the second discrete moment conditions, while the derivatives of the regular ones /3 and /4 satisfy the zeroth and the first
discrete moment conditions. As to the smoothed 4-point cosine function /�2, its derivative satisfies the zeroth and the first
discrete moment conditions, while the derivative of the corresponding regular one satisfies only the zeroth discrete
moment condition. In Table 3, we list the discrete moment conditions satisfied by the derivatives of the discrete delta
functions. Note that /1 is not differentiable, it is not included in Table 3.

The moment conditions for the derivatives of the discrete delta functions /ðrÞ can be formulated in the same way as the
ones for the discrete delta functions themselves. These moment conditions for the derivatives are listed below
Table 3
The mo

d/�1=

2

X
j

d/ðr � jÞ
dr

¼ 0; ð26Þ

X
j

ðr � jÞ d/ðr � jÞ
dr

¼ �1; ð27Þ

X
j

ðr � jÞm d/ðr � jÞ
dr

¼ 0; m ¼ 2; . . . ; p: ð28Þ
ment conditions satisfied by the derivatives d/i=dr ði ¼ 2;3;4Þ and d/�i =dr ði ¼ 1;2;3;4Þ.

dr d/2=dr d/�2=dr d/3=dr d/�3=dr d/4=dr d/�4=dr

0 1 1 2 1 2
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It is easy to verify that the derivatives of /i ði ¼ 2;3;4Þ and /�i ði ¼ 1;2;3;4Þ satisfy the zeroth order moment condition
X
j

d/ðr � jÞ
dr

� �
¼ d

dr

X
j

/ðr � jÞ
 !

¼ 0: ð29Þ
It can be shown that the first discrete moment condition holds only for the derivatives of the regular functions /i ði ¼ 3;4Þ
while the same condition holds for all derivatives of the smoothed functions /�i ði ¼ 1;2;3;4Þ
X
j

ðr � jÞ d/ðr � jÞ
dr

¼
X

j

d
dr
ððr � jÞ/ðr � jÞÞ � /ðr � jÞ

� �
¼ d

dr

X
j

ðr � jÞ/ðr � jÞ
 !

�
X

j

/ðr � jÞ ¼ �1; ð30Þ
where the zeroth and the first discrete moment conditions for the function itself are used in the proof.
Finally, we show that the derivatives of the smoothed functions /�i ði ¼ 1;3;4Þ satisfy the second discrete moment con-

dition as well. The first derivative of the smoothed discrete delta functions can be written as
d/�i ðr � jÞ
dr

¼ d
dr

Z r�jþ1=2

r�j�1=2
/iðr0Þdr0 ¼ /iðr � jþ 1=2Þ � /iðr � j� 1=2Þ: ð31Þ
Using Eq. (31), the zeroth and the first discrete moment conditions of the function /i ði ¼ 1;3;4Þ, we can express the second
discrete moment condition as
X

j

ðr � jÞ2 d/�i ðr � jÞ
dr

¼ �2r þ
X

j

j2/iðr � jþ 1=2Þ �
X

j

j2/iðr � j� 1=2Þ: ð32Þ
Since the second term on the right-hand-side of the above equation can be written as
X
j

j2/iðr � j� 1=2Þ ¼
X

j

j2/iðr � jþ 1=2Þ � 2r; ð33Þ
we thus obtain the second discrete moment condition
X
j

ðr � jÞ2 d/�i ðr � jÞ
dr

¼ 0: ð34Þ
2.3. Analysis of non-physical force oscillations in moving boundary problems

The interpolation properties of the discrete delta functions are analyzed in this part to find out the reasons for the non-
physical force oscillations in moving boundary problems. If f ðx; tÞ is an arbitrary function of variables x and t; f ðXnþ1; tnþ1Þ
can be approximated by the following expression
f ðXnþ1; tnþ1Þ �
X

j

f ðxj; tnþ1Þ/ðxj � Xnþ1Þ: ð35Þ
And the error term Enþ1 is
Enþ1 ¼ f ðXnþ1; tnþ1Þ �
X

j

f ðxj; tnþ1Þ/ðxj � Xnþ1Þ: ð36Þ
If f ðx; tÞ is a smooth function of x and t, then f ðXnþ1; tnþ1Þ can be expanded around ðXn; tnÞ in a Taylor series as
f ðXnþ1; tnþ1Þ ¼ f ðXn; tnÞ þ @f ðXn; tnÞ
@t

Dt þ @f ðXn; tnÞ
@x

DX þ
X1
m¼2

1
m!

Dt
@

@t
þ DX

@

@x

� �m

f ðXn; tnÞ ð37Þ
and f ðxj; tnþ1Þ can also be expanded around tn in a Taylor series as
f ðxj; tnþ1Þ ¼ f ðxj; tnÞ þ @f ðxj; tnÞ
@t

Dt þ
X1
m¼2

1
m!

@mf ðxj; tnÞ
@tm Dtm: ð38Þ
Suppose /ðxj � xÞ is a smooth function of x, then we can expand /ðxj � Xnþ1Þ around ðxj � XnÞ in a Taylor series as
/ðxj � Xnþ1Þ ¼ /ðxj � XnÞ þ @/ðxj � XnÞ
@x

DX þ
X1
m¼2

1
m!

@m/ðxj � XnÞ
@xm

DXm: ð39Þ
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Using Eqs. (37)–(39), the error term Enþ1 in Eq. (36) can be written as
Enþ1 ¼ En þ @f ðXn; tnÞ
@t

�
X

j

@f ðxj; tnÞ
@t

/ðxj � XnÞ
 !

Dt þ @f ðXn; tnÞ
@x

�
X

j

f ðxj; tnÞ @/ðxj � XnÞ
@x

 !
DX

þ
X1
m¼2

1
m!

Dt
@

@t
þ DX

@

@x

� �m

f ðXn; tnÞ �
X

j

f ðxj; tnÞ/ðxj � XnÞ
 !

; ð40Þ
where En ¼ f ðXn; tnÞ �
P

jf ðxj; tnÞ/ðxj � XnÞ represents the error at time tn. For simplicity, here we only consider the errors intro-
duced within Dt (from time tn to time step tnþ1). The second term on the right-hand-side of Eq. (40) appears in either stationary
or moving body problems, while the third term associated with the body movement only appears in moving body problem. It is
obvious that the second term is of order Oðhpþ1DtÞ if the discrete delta function satisfies the first p discrete moment conditions
and the pth derivative of the interpolated function f ðpÞðx; tÞ is Lipschitz continuous on the interval ½Xn �Mh;Xn þMh�. Here 2Mh
denotes the support width of the discrete delta function. The third term can be re-formulated as
@f ðXn; tnÞ
@x

�
X

j

f ðxj; tnÞ @/ðxj � XnÞ
@x

 !
DX ¼ @f ðXn; tnÞ

@x
�
X

j

X1
m¼0

1
m!

@mf ðXn; tnÞ
@xm

ðxj � XnÞm
 !

@/ðxj � XnÞ
@x

 !
DX

¼ @f ðXn; tnÞ
@x

�
X1
m¼0

1
m!

@mf ðXn; tnÞ
@xm

X
j

ðxj � XnÞm @/ðxj � XnÞ
@x

 !
DX ð41Þ
Here, the first equality is obtained using the Taylor series expansion of the function f ðxj; tnÞ around Xn. From this expression
we can see that the error of the third term on the right-hand-side of Eq. (40) is of order hqDX if the derivative of the discrete
delta function satisfies the first q discrete moment conditions and the qth derivative of the interpolated function f ðqÞðx; tÞ is
Lipschitz continuous on the interval ½Xn �Mh;Xn þMh�.

The analysis above can be summarized below:

1. For the stationary body problems, MX ¼ 0 and the third term on the right-hand-side of Eq. (40) vanishes. The error can be
expressed as
Enþ1 ¼ En þ Oðhpþ1
MtÞ; ð42Þ
if the discrete delta function satisfies the first p moment conditions and f ðpÞðx; tÞ is Lipschitz continuous on the interval
½Xn �Mh;Xn þMh�. The approximation accuracy depends on the discrete delta function alone and no spurious force oscilla-
tion is present.
2. For the moving body problems, the third term in Eq. (40) introduces an additional error and the total error becomes
Enþ1 ¼ En þ Oðhpþ1
MtÞ þ Oðhq

MXÞ; ð43Þ
if the discrete delta function satisfies the first p moment conditions, its first derivative satisfies the first q moment conditions
and f ðmaxðp;qÞÞðx; tÞ is Lipschitz continuous on the interval ½Xn �Mh;Xn þMh�. It is noted that the above analysis is only valid when
/ has at least first-order derivative. For the 2-point hat function /1 which is only of C0 continuity, this analysis is not applicable.

3. Numerical examples

In this section, three canonical numerical examples are used to test the effect of the smoothed discrete delta functions in
moving boundary simulations. The first example is the one-dimensional heat equation with a moving singular force term.
Such equation is of interest because it serves as a standard model problem and the analytical solutions can be easily ob-
tained. The second one is the simulation of flow past a circular cylinder by solving the Navier–Stokes equations. Although
no analytical solutions are available for this problem, abundant numerical and experimental results can be found in the
literature. The third example is the vortex-induced vibration of a cylinder. The purpose of this case is to test the validity
of this approach in simulating Flow Structure Interaction (FSI) problems.

In all numerical tests presented in this paper, the same discrete delta function is used in the force spreading (Eq. (6)) and
the interpolation (Eq. (11)).

3.1. The one-dimensional heat equation with a moving singular force

We consider the one-dimensional heat equation with a moving singular force,
@u
@t
¼ @

2u
@x2 þ FðtÞdðx� XðtÞÞ; 0 � x � 1; ð44Þ
with the Dirichlet boundary conditions uð0Þ ¼ uð1Þ ¼ 0. Here the forcing term is non-zero only at the point XðtÞ. In this test,
we compare our numerical result with the exact solution
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uðx; tÞ ¼ sinðx1xÞe�x2
1t; x � XðtÞ;

sinðx2ð1� xÞÞe�x2
2t; XðtÞ � x:

(
ð45Þ
We choose x1 ¼ 5p=4 and x2 ¼ 7p=4, respectively. The position of the singular force XðtÞ is determined by the continuity
condition of the solution u at XðtÞ, i.e.
sinðx1XðtÞÞe�x2
1t ¼ sinðx2ð1� XðtÞÞÞe�x2

2t : ð46Þ
The exact forcing term is then determined by FeðtÞ ¼ �½ux�XðtÞ, which can be easily calculated from the exact solution. Here
½ �XðtÞ denotes the jump of a quantity at point XðtÞ. We can write the discretized equation in the following form
uðxj; tnþ1Þ � uðxj; tnÞ
Mt

¼ Lhðuðxj; tnþ1ÞÞ þ Lhðuðxj; tnÞÞ
2

þ Fðtnþ1Þdhðxj � Xðtnþ1ÞÞ: ð47Þ
Here Lh is an operator that denotes the central finite difference approximation to the second derivatives and dh is the discrete
delta function.

Two different forcing approaches are used to determine the singular force. The first approach (explicit forcing) is analo-
gous to the one introduced in Section 2.1 for the Navier–Stokes equations. Please note that in order to obtain the force in Eq.
(44), the calculated force needs to be multiplied by a volume (which is h in the present one-dimensional example), since a
volume is associated with the force in the present explicit forcing method. The second approach is the implicit forcing. Please
see Beyer and LeVeque [22] for the one-dimensional heat equation and Su et al. [13] for the Navier–Stokes equations. In this
approach, the force is determined from the constraint that the desired solution at the singular point X is satisfied at time step
tnþ1 when we interpolate uðx; tnþ1Þ to Xnþ1. For the present one-dimensional heat equation, the implicit forcing method has
two steps. In the first step, the discrete form of Eq. (47) can be written in a matrix–vector form
Aunþ1 ¼ Bun þ MtFnþ1dnþ1
h ; ð48Þ
where dh is a column vector with elements dhðxj � XÞ. The solution of this equation is written as
unþ1 ¼ A�1Bun þ MtFnþ1A�1dnþ1
h : ð49Þ
The second step is to interpolate Eq. (49) to the singular point using the same discrete delta function. Thus the force at the
singular point using the implicit forcing approach is
Fnþ1 ¼ ðMtrT
nþ1A�1dnþ1

h Þ�1ðVnþ1 � rT
nþ1A�1BunÞ; ð50Þ
where Vnþ1 is the desired value of u at the singular point at time step nþ 1. Here the row vector rT has the components
hdhðxj � XÞ. In our numerical tests, the Cartesian grids are evenly distributed with grid size h. The Crank–Nicholson scheme
is used in the time advancing. The exact solution is used as the initial condition at t ¼ 0. The spacing h is 0.01. The results
obtained by using /1 and /�1 are compared.

The time-variation of FðtÞ by using the explicit forcing method is shown in Fig. 2. From Fig. 2, it is seen that the solution is
contaminated by wiggles when the 2-point hat function /1 is used, whereas the smoothed discrete hat function /�1 effec-
tively suppresses the oscillations and improves the quality of the solution. Fig. 3 shows that the smoothed discrete delta
function also significantly reduces oscillations when the implicit forcing method is used. Grid refinement studies are per-
formed for both methods and similar results are obtained at different mesh resolution.
time

F

0 0.025 0.05 0.075 0.1
-5

-4

-3

-2

-1

0

φ1
Exact solution

time

F

0 0.025 0.05 0.075 0.1
-5

-4

-3

-2

-1

0

φ1
*

Exact solution

Time variations of the singular force calculated by explicit forcing method for the one-dimensional heat equation with a moving singular force. Left:
t: /�1.
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Fig. 3. Time variations of the singular force calculated by implicit forcing method for the one-dimensional heat equation with a moving singular force. Left:
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3.2. A two-dimensional flow past a circular cylinder

We consider a two-dimensional problem of viscous flow past a stationary and oscillating cylinder. A standard fractional
step method is used to solve the incompressible Navier–Stokes equations. The second-order finite volume formulation is used
for the spatial discretization in the momentum equation. As to the time advancing, the third-order Runge–Kutta scheme and
the Crank–Nicholson scheme are used for the explicit terms and implicit terms, respectively. The domain size is 50d	 30d,
where d is the diameter of the cylinder. A uniform velocity boundary condition is specified at the inlet; a convective boundary
condition is applied at the outlet. At the far field in the crosswise direction, shear-free boundary conditions are used.

3.2.1. Stationary cylinder
To validate the code, the flow past a stationary cylinder is computed first. The Reynolds number based on the inlet veloc-

ity and the cylinder diameter d is Red ¼ u1d=m ¼ 100. The grid in the region that is occupied by cylinder is of the uniform size
of 0.04d. The number of grid points is 206 and 159 in the streamwise and crosswise directions, respectively (see Fig. 4). The
time step is Dt ¼ 5	 10�3.
x/d

y/
d

18 20 22 24
12

13

14

15

16

17
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Fig. 4. A sketch of the grid employed in the vicinity of the cylinder for the present simulations.

Table 4
Drag and lift coefficients, and the Strouhal number for flow around a stationary cylinder at Red ¼ 100.

CD C0L St

/�4 1.393 0.335 0.165
/4 1.402 0.336 0.164
Uhlmann [12] 1.453 0.339 0.169
Liu et al. [23] 1.350 0.339 0.165
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In the present study on the stationary problems, the drag and the lift on the cylinder are evaluated as the summation of
the volume force as shown in Eq. (8) in the streamwise and crosswise directions, respectively. For the moving boundary
problems, the inertial force of the ‘‘pseudo fluid” enclosed by the immersed boundary needs to be subtracted. For the details
of the hydrodynamic force calculation, please refer to paper [15]. The results of the force prediction are summarized in
Table 4. At this moderate mesh resolution, the Strouhal number ðSt ¼ fd=u1Þ, the time-averaged drag CD and the amplitude
of lift fluctuations C0L obtained from the smoothed function /�4 are in good agreement with those from the regular discrete
delta function /4 and the results in Ref. [12,23]. Other discrete delta functions (both the smoothed ones and the regular ones)
are also tested and similar results are obtained. The time histories of the drag and the lift (not shown here) from these pre-
dictions are also compared. It is found that the smoothed discrete delta functions and the regular ones produce almost iden-
tical results and no spurious oscillations are seen in any of these force predictions.
3.2.2. Forced vibration of a cylinder
To test the effect of the smoothed discrete delta functions on the force prediction in moving body problems, simulations

of the flow past an oscillating cylinder are performed. The Reynolds number based on the diameter of the cylinder is
Red ¼ 185. The cylinder moves in a sinusoidal fashion in the crosswise direction, with an amplitude of A ¼ 0:2d and a fre-
quency of fo ¼ 0:8f s where fs is the natural shedding frequency from the stationary cylinder at Red ¼ 185 (fo ¼ 0:156 is used
in the present study). Mathematically, the motion of the cylinder is prescribed as
Table 5
Dimens

Meth

/�1ð/
/�2ð/
/�3ð/
/�4ð/
/�3, e
/�3, e

/�3, s
/�3, r
Uhlm
Guilm

a Res
b Res
c Res
d The
e The
f The
yðtÞ ¼ Asinð2pfotÞ: ð51Þ
To facilitate comparison, the amplitude and the frequency used in this study are the same as those in [12,24]. The grid in the
region that is occupied by cylinder is of the uniform size of 0.02d. The number of grid points is 275	 239 in the streamwise
and crosswise directions, respectively. The time step is Dt ¼ 2	 10�3.

The results are summarized in Table 5. Results from enlarged computational domains, smaller time step and refined mesh
are also included. It is observed that all the simulations produce reasonably good results of the time-averaged forces, using
either the smoothed discrete delta functions or the regular ones. However, if the plots of time-variations of the drag and the
lift are carefully examined, noticeable effect of the smoothed discrete delta functions on the force prediction is evident.

Hereafter, in the discussion of force oscillations by using different discrete delta functions, the result from the smallest
domain 50d	 30d with the grid size of 0.02d and the time step of 2	 10�3 will be used. Similar trends are also found in other
results with different domain sizes, mesh sizes and time steps.

In Fig. 5, we show the periodic variations of the drag and the lift as a function of the cylinder’s vertical position. The results
obtained using /1 and /�1 are displayed side-by-side for comparison. We can see that the force predictions obtained using the
regular discrete delta function are contaminated by very strong oscillations whereas such oscillations are significantly sup-
pressed and high frequency ‘noises’ are eliminated using the smoothed discrete delta function.

The comparison of the results obtained using the 4-point cosine discrete delta functions (the smoothed and the regular
one) is presented in Fig. 6. Since the spurious oscillations in the drag are more evident than those in the lift, only the time-
variation of the drag coefficient is plotted. Although the oscillations from the regular function /2 are not as strong as those
from the hat function /1, large wiggles are clearly seen in the plot. With the use of the smoothed discrete delta function, the
quality of force prediction is greatly improved.

The results from the 3-point and the 4-point piecewise discrete delta functions are shown in Figs. 7 and 8, respectively.
The amplitude of oscillations is much reduced in comparison with the results from /1 and /2 (see Figs. 5 and 6). However,
ionless coefficients for flow around an oscillating cylinder at Red ¼ 185.

od CD ðCDÞrms ðCLÞrms

1Þ 1.280a(1.277b) 0.042a(0.042b) 0.070a(0.071b)

2Þ 1.291a(1.290b) 0.043a(0.043b) 0.070a(0.070b)

3Þ 1.286a(1.283b) 0.042a(0.042b) 0.070a(0.070b, 0.190c)

4Þ 1.292a(1.290b) 0.043a(0.043b) 0.070a(0.070b)
nlarged domain 80d	 50d 1.278 0.043 0.074
nlarged domain 80d	 100d 1.276 0.043 0.073

mall time step Dt ¼ 1	 10�3 1.273 0.041 0.083

efined meshd h = 0.01d 1.281 0.042 0.076
ann [12] 1.354 – 0.166e

ineau and Queutey [24] 1.195f 0.036f 0.08f

ults from /�i ði ¼ 1;2;3;4Þ.
ults from /i ði ¼ 1;2;3;4Þ.
ult from /3, in which the lift force is evaluated by summing the volume force in Eq. (8).
time step Dt is 1	 10�3.
force is evaluated by summing the volume force in Eq. (8).
data are digitized from the Fig. 18 in Guilmineau and Queutey’s paper [24].
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small kinks still persist, especially near the peak value of the drag. The use of the smoothed discrete delta function provides
an effective approach to eliminate these kinks.

The numerical observations can be interpreted as follows based on the analysis presented in Section 2.3. The large oscil-
lations from the 4-point cosine discrete delta function are due to the violation of the first moment condition in its first deriv-
ative. The smoothing process rectifies this non-smooth error by making its first derivative satisfy the first moment condition.
Furthermore, the smoothed discrete delta functions become continuously differentiable up to the second order, this also helps
in the reduction of non-smooth errors. The smaller oscillations in the piecewise 3-point and 4-point discrete delta functions
C D yc(t)/dCD



yc(t)/d

C
D

-0.3 -0.15 0 0.15 0.3
1.1

1.2

1.3

1.4

1.5

yc(t)/d

C
D

-0.3 -0.15 0 0.15 0.3
1.1

1.2

1.3

1.4

1.5

Fig. 7. Time–periodic variation of the drag coefficient for flow past an oscillating cylinder at Red ¼ 185. Left graph: /3; right graph: /�3.

yc(t)/d

C
D

-0.3 -0.15 0 0.15 0.3
1.1

1.2

1.3

1.4

1.5

yc(t)/dCD-01.1

Fig. 8.Time–periodic variation of the drag coef�.cient for flow past an oscillating cylinder atRed

¼185. Left graph:/

4=4

.X. Yang et al. / Journal of Computational Physics 228 (2009) 7821–78367833
are due to their differentiability up to the first order and the satisfaction of the moment condition up to the first order in their
derivatives. Some improvements from the use of smoothed discrete delta functions in these two cases are achieved by making
the discrete delta functions differentiable up to the second order and their first derivatives satisfy the second moment con-
dition. As to the 2-point hat function, the analysis in Section 2.3 is inapplicable. Note that both /1 and /�1 satisfy the zeroth and
first moment conditions. The derivative of /1 does not exist while the derivative of /�1 satisfies up to the zeroth, first and sec-
ond moment conditions. These probably help to reduce the non-physical force oscillations produced by /1.

It is observed from Eqs. (18)–(21) that the smoothed discrete delta functions are distributed on a wider support than that of
the regular discrete delta functions (e.g. /1 is defined on jrj � 1, while /�1 is defined on jrj � 1:5). It is then speculated that the
similar smoothing effect could also be achieved by simply defining a regular discrete delta function on a wider range to in-
clude more grid points for interpolation. To test the effect of supporting width on the force prediction, we construct a 4-point
hat function /5 (its form is given by Eq. (22)). The periodic variation of the drag coefficient calculated from this discrete delta
function is compared with that from the 2-point hat function in Fig. 9. It is seen that in the results from /5, the non-smooth
oscillations still persist although with a smaller amplitude compared with /1. By further comparing the results from /5 with
the results from /�1, it is seen that the amplitude of force oscillation produced by /�1 is much smaller than /5, although the
supporting width of /�1 is smaller than /5. From these comparisons, we can see that the mechanism in the present smoothing
technique is not simply an increase of the support width (or the inclusion of more grid points for interpolation).

3.2.3. Vortex-induced vibration of a cylinder
To demonstrate the validity of present approach in simulating fluid-structure interaction problem, flow past an elastically

mounted cylinder is simulated. A cylinder is allowed to oscillate only in the crosswise direction and is modeled as a mass-
damper-spring system. The governing equation for the motion in the crosswise direction is
.1

€yþ 2n

2p
Ured

� �
_yþ 2p

Ured

� �2

y ¼ 2
pn

CL; ð52Þ
3 -0.15 0 0.15 0.3.21.31.41.5 ; right graph:/
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where n is the damping ratio; Ured ¼ U1=fNd is the reduced velocity and n is the mass ratio which is defined as
Fig. 10.
right co
n ¼ m
mf
¼ m

pqf ðd
2
=4Þ

; ð53Þ
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with mf being the mass of the fluid displaced by the cylinder and qf the fluid density. In the present study, Eq. (52) is dis-
cretized in time using the third-order Runge–Kutta method.

As in [25,26], the values of the mass ratio and the damping ratio are 10 and 0.01, respectively. The reduced velocity is 5.1.
The Reynolds number based on inlet velocity and cylinder’s diameter is 200. The computational domain is 40d	 20d. The
number of grid points is 326	 321 in the streamwise and crosswise directions, respectively. The resolution near the cylinder
is 0:025d	 0:025d. The time step is 4	 10�3. The functions /1; /�1; /3 and /�3 are used.

Fig. 10 shows the drag and lift coefficients calculated from /1 and /�1. For the results from /1, large non-physical oscilla-
tions are found in both the drag and the lift coefficients. Especially for the lift coefficient, the oscillations are of the same
order of amplitude as the lift itself. Using the smoothed 2-point hat function /�1, the amplitude of oscillations in the drag
and the lift coefficient is notably reduced. Fig. 11 shows the drag and lift coefficients calculated from /3 and /�3. The oscil-
lations in the drag and lift coefficients obtained from /3 are of smaller amplitude comparing with those from /1. But clearly
non-physical oscillations still exist. The smoothed discrete delta function /�3 effectively suppresses the non-physical force
oscillations in both the drag and the lift predictions. In this numerical example, the capability of the present approach in
suppressing the non-physical force oscillations is fully demonstrated for fluid-structure interactions.

4. Conclusions
The spatial interpolation using a discrete delta function may introduce non-physical oscillations when some IB methods
are used to simulate moving body problems. This is mainly due to the fact that the derivatives of the regular discrete delta
functions do not satisfy certain moment conditions. Compared with the regular functions, the smoothed discrete delta func-
tions have one higher derivative. For the commonly used discrete delta functions, such as /2; /3 and /4, not only the
smoothed discrete delta functions satisfy the zeroth and the first moment conditions which guarantee a second-order accu-
racy in interpolation, but also their first derivatives satisfy more discrete moment conditions. Those two properties effec-
tively reduce non-physical oscillations and improve the force prediction.
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An example of a one-dimensional heat equation with a moving singular force is used to evaluate the performance of the
smoothed discrete delta functions. The spurious force oscillations are greatly reduced in both the explicit and the implicit
forcing methods. A benchmark problem of a flow past an oscillating cylinder is further used to test the proposed approach.
It is found that the non-physical force oscillations are effectively suppressed by using the smoothed discrete delta functions.
Finally, this method is used to simulate a more complex problem – vortex-induced vibration where fluid-structure interac-
tion is involved. The results obtained in this simulation are in good agreement with those documented in literature.

It should be noted that the proposed approach provides an effective way in minimizing the non-physical grid effect (oscil-
lations) of the immersed boundary method when dealing with moving boundary problems. The implementation of the pres-
ent approach is simple since the expressions of the smoothed discrete delta functions are given in analytical forms. A wider
support of the smoothed discrete delta function does result in more operations in the interpolation and the spreading, but
the increase in computational cost is rather small for the present 2-D examples. Additionally, this approach is not equivalent
to a post-processing procedure of smoothing the force. An accurate force prediction is crucial to the problems in which the
body dynamics and the fluid flows are coupled (e.g. vortex-induced vibration case in Section 3.2.3, self-propelled bio-loco-
motion, etc.). Under such circumstances, a post-processing of the force prediction is not practical and the proposed method is
highly recommended.
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